Abstract. We consider a model of one dimensional spin-1 bosons with repulsive density-density interactions and antiferromagnetic exchange. We show that the low energy effective field theory is given by a spin-charge separated theory of a TomonagaLuttinger Hamiltonian and the O(3) nonlinear sigma model describing collective charge and spin excitations respectively. At a particular ratio of the density-density to spinspin interaction the model is integrable, and we use the exact solutions to provide an independent derivation of the low energy effective theory. The system is in a superfluid phase made of singlet pairs of bosons, and we calculate the long-distance asymptotics of certain correlation functions.
Introduction
Spinor Bose gases exhibit a much richer variety of interesting macroscopic quantum phenomena than spinless bosons. A mean field analysis of three-dimensional spin-1 Bose-condensed gases [1, 2] and exact diagonalization of the spin Hamiltonian for this system [3] showed that the ground state can be either ferromagnetic or spinsinglet, depending on the sign of the coupling constant for the exchange part of the interaction. In an optical lattice Mott phases occur, featuring an interesting behaviour in the magnetic sector [4, 5] . Experimentally, the ground state of such gases, its magnetic properties and low temperature dynamical properties have been studied for 23 Na, which has a spin-singlet ground state [6] , and for 87 Rb where the ground state is ferromagnetic [7] [8] [9] . The creation of a one-dimensional (1D) regime for quantum gases by tightly confining the motion of particles in two directions offered new possibilities for studying macroscopic quantum effects, and a number of advanced experiments have been done for spinless 1D bosons [10, 11] .
In this paper we consider a 1D liquid of spin-1 bosons with a short-range interaction containing a repulsive density-density term and a magnetic exchange interaction. We demonstrate that for the case of antiferromagnetic exchange the low energy effective action decouples into two parts: the standard U(1) Tomonaga-Luttinger action describing density fluctuations, and the action of the O(3) nonlinear sigma model describing the spin sector. The latter model has a singlet ground state separated from the first excited triplet by a gap. Therefore the system of spin-1 bosons interacting via antiferromagnetic exchange constitutes a perfect spin liquid where spin-spin correlations decay exponentially at large distances. We also identify the "order parameter field", which has correlations exhibiting a power law decay at T=0. This field consists of pairs of bosons
Hence the fluctuation superfluidity of spin-1 bosons is really a superfluidity of pairs. We derive our results by two means. For weak interactions we perform a semiclassical analysis of the bosonic path integral. For a special point where the coupling constants for the density-density and exchange interaction are equal to each other we study the Bethe ansatz solution. The latter result is of a certain interest since it turns out that the integrable model of spin-1 bosons may serve as an integrable regulator for the O(3) nonlinear sigma model.
Low-energy effective action. Semiclassical derivation.
Our starting point is a three-component Bose gas with Hamiltonian density
) is a three-component Bose field and S α are spin-1 matrices. We now introduce a number-phase representation
with a real unit vector field n σ (x)
In the number-phase representation the Hamiltonian density takes the form H = H 0 +V , where
In order to minimize the potential we eliminate n 0 via the constraint (4) and define
The new phase fields are taken to have ranges
In the new variables the potential takes the form
Minimizing the potential (9) gives the solutions (for g 1 > 0)
From now on we concentrate on solution A. Expanding the potential around the minimum gives
where the dots stand for terms of higher order in powers of n ± ,φ. Carrying out the analogous expansion for the kinetic energy part (5) of the Hamiltonian density gives
Putting everything together we arrive at the following expression for the action
We observe that ρ, n + andφ correspond to massive degrees of freedom. In the next step we integrate these out, which in our quadratic approximation can be done by "completing the squares". At energies well below the gaps for excitations in the ρ n + andφ sectors, retardation effects can be neglected and the low-energy effective action remains local in time. Integrating over (ρ − ρ 0 ) generates a contribution 1 2g
to the action, while integrating out n + andφ generate respectively 1
Finally we parametrize
and arrive at the following form for the low-energy effective action S = S 0 + S nlσm :
The action S 0 describes a free massless boson whereas S nlσm is a parametrization for the O(3) nonlinear sigma model. Indeed, defining a three-dimensional unit vector field m 2 = 1 by
we obtain
where the spin velocity is given by
The action in the φ + sector can be brought to a more standard Luttinger liquid form
where the charge velocity v c and Luttinger parameter K c are given by
We note that for equal coupling constants g 0 = g 1 the spin and charge velocities coincide, i.e. v s = v c .
Integration Measure
In the above derivation we have disregarded the integration measure in the path integral of our bosonic theory. We still have to verify that it correctly produces the integration measure for the nonlinear sigma model (20) . We start by considering the Jacobian of the number-phase parametrization
Changing variables to n ± gives a factor 1 2 (n
in the integration measure. Expanding n + around the minimum of the potential V leaves
The integration measure then looks:
When integrating out theφ field we wish to change variables tõ
In terms of the θ-parametrization (18) this gives
which turns the measure into
The θ, φ − piece is indeed the correct integration measure for the nonlinear sigma model. We conclude that at low energies the spinor-Bose Hamiltonian (2) is described by a spin-charge separated theory of a free boson (24) describing collective superfluid pairing fluctuations and the O(3) nonlinear sigma model (22) describing spin excitations.
Bethe ansatz solution
We now turn to an entirely different analysis of the model (2), which will lead to the same conclusion. The first quantized form of the Hamiltonian (2) is
where S are spin S = 1 operators. It was shown in Ref. [12] that the model (33) is integrable along the line g 1 = g 0 . A simple understanding of certain features of the exact solution can be gained by considering the case of two bosons in the strong coupling limit (in which we neglect the kinetic energy). The potential energy of the pair of bosons at the same position is obtained by adding two spins S = 1 to form total angular momentum J:
The singlet J = 0 is always lower in energy than the triplet and quintet states and at g 1 > g 0 /2 its energy becomes negative. In this regime the formation of J = 0 bound states becomes energetically favourable compared to having scattering states of two bosons. As a result the ground state is made of paired bosons. The integrable case g 0 = g 1 lies well within the parameter region where this occurs. Let us now return to the Bethe ansatz analysis. According to Ref. [12] the Bethe ansatz equations are given by
where N is the total number of particles, M = (N − S z ), E and P are respectively the energy and momentum and
The parameter c is related to the couplings g 0,1 by
In order to proceed, we now assume that the system is at a finite temperature T ≪ µ, where the chemical potential µ is the largest energy scale in the problem. As was shown in Ref. [12] , in this case [13] only three types of (string) solutions of the Bethe ansatz equations (35) contribute to the thermodynamics of the model
• Bound states of k's and λ's (k-Λ strings [14] [15] [16] ):
where the string centres Λ i are real, γ, δ ∝ exp(−const L). The zero temperature ground state is formed by a partially filled Fermi sea of these bound states.
• Real k's.
• λ-strings [14] [15] [16] [17] :
where the string centres λ (n) a ∈ R and N is related to the number of excitations in this sector.
Substituting (38) into (35) and dropping the exponentially small corrections γ, δ we obtain the following set of equations
We now take the logarithm of the Bethe ansatz equations for the k-Λ strings forming the ground state and then express them in terms of a counting function [16, 18] 
Here θ(x) = 2 arctan(x). In terms of the counting function the Bethe ansatz equations (40) read
where I j are integer (for N b odd) of half-odd integer (for N b even) numbers. We note that the momentum is expressed in terms of the I j as
As shown in [12] the ground state of the system corresponds to choosing N r = M r = 0, 2N b = N and
This immediately tells us that the "Fermi momentum" is
We are interested in the limit
In this limit we can turn the sum over j in (44) into an integral by means of the EulerMaclaurin sum formula, resulting in
Here σ ′ p,h (Λ) is are the root densities of "particles" and "holes" for k-Λ strings. They are related to the counting function by
Taking the derivative of (50) we obtain an integral equation
Here * denotes a convolution
and the integral kernels are given by a n (x) = 1 2π
Equation (52) can be recast in the form
In order to derive the Bethe ansatz equations (41) over the ground state of the system we need to express
in terms of the root densities for k-Λ strings. We have
Taking derivatives we have
On the other hand Eq. (55) implies that
where G = a 1 * (I + a 2 ) −1 . The kernel of G is given by
As a result we have
where the k-independent piece χ is fixed by the requirement that f (∞) = 0, and Γ is an integral operator with the kernel
In order to proceed we need to evaluate Γ * σ ′ h . For the ground state this is simply given by
where
Here we have defined a kernel
Using the relations σ 0 (Λ) = σ 0 (−Λ), lim Λ→∞ σ 0 (Λ) = is an odd function of k we conclude that for the ground state configuration we have χ = 0. Let us now consider the limit where
For large x we have
which yields
For an excited state with n p particles and n h holes with corresponding spectral parameters Λ p,h j added to the ground state distribution of k-Λ strings as well as N r additional real k's, the integral equation for the total root density σ
Here the integration boundary Q may differ from the one for the ground state (Q 0 ) by a contribution of at most order O(L −1 ). The integral equation (68) can be solved by an expansion in inverse powers of L
where σ 0 is the root density or the ground state (62). Hence the leading contribution
is given by (67). The contribution due to σ ′ 1 can be seen to be of the form 1
The constant (i.e. independent of k) contribution is by construction precisely cancelled by χ in (60), so that
Substituting this into (60), (56) and dropping the exponentially small (in Q/c) contribution leads to
Using this in the Bethe ansatz equations (41) and then rescaling variables by
we arrive at the Bethe ansatz equations for the O(3) nonlinear sigma model [20, 21] :
The contribution of spin excitations to the total momentum is given by
We note that in addition to (75) we still have "physical" Bethe ansatz equations that determine the rapidities of the particle and hole excitations over the sea of k-Λ strings forming the ground state. It follows from the finite-volume quantization conditions (75) that the dressed phase-shifts for scattering of such particles and holes with excitations in the spin sector vanish (up to exponentially small corrections in Q/c). Hence the quantization conditions in the gapless sector must be of the form
Here P (Λ) is the dressed momentum for k-Λ strings and S ab (Λ) the dressed scattering phases for particles and holes. They can be expressed in terms of the solution to the integral equation (68) following standard methods [16, 22] .
Dressed Energies
We will now show that the energy in the spin sector is given by
Our starting point are the equations for the dressed energies for k-Λ strings ǫ ′ (Λ) and real k's κ(k) [12] 
Here µ is the chemical potential related to Q 0 by the requirement
Using the integral equation for ǫ ′ in the equation for κ we find that
where G is given in Eq. (59). In the limit c, |k| ≪ Q 0 this simplifies to
Expanding ǫ ′ around Q 0 we have
Noting that the Fermi velocity in the charge sector is defined as
where p(Λ) is the dressed momentum for k-Λ strings and using that this may be expressed as p(Λ) = y(Λ) by virtue of Eqs. (46) and (45), we conclude that
and thus
Evaluating the right-hand side of Eq. (67) by using an analogous approximation and rescaling k as before we conclude that indeed
4. Scaling Dimensions.
The analysis of the finite-size spectrum is complicated by the fact that the ground state is made of strings. A priori this could lead to complications related to deviations of the strings from their ideal forms (see, e.g. [23] ). However, as the critical sector of our theory is a simple compactified boson we do not expect such complications to play a role. The dressed charge Z = Z(Q 0 ) is defined in terms of the solution of the integral equation [24] Z(Λ) = 1 +
We see that we have
It is easy to see that the dressed charge only depends on the dimensionless ratio
At small γ we find that
On the other hand, for γ → ∞ the dressed charge approaches 1 from below. This implies that Z is not a monotonic function of γ, but instead has a local minimum. The finite size spectra of energy and momentum are expressed in terms of the dressed charge as [25] 
Here k F is given by Eq. (48), ∆N b is the change in bound state number compared to the ground state and D is an integer. The corresponding spectrum of scaling dimensions is given by
Let us look at some specific examples. The lowest charge-neutral excitations with momenta 2k F and 0 respectively correspond to ∆N b = N ± = 0, D = 1 and
The lowest excited state with charge 2 corresponds to ∆N b = 1,
Correlation functions.
Let us now turn to the large-distance asymptotics of correlation functions. We start by considering the gapless sector of the low-energy effective action, which is given by
Given that the original phase fields φ 1,2 were 2π-periodic, the field φ + is in fact π-periodic (see Eq. (8)). As a result, the spectrum of scaling dimensions of primary operators in the Gaussian model (97) is given by
where n and m are integers. We note that (98) agrees with (94) in the appropriate limit, where we have √ K = 2Z. The operators corresponding to these scaling dimensions are constructed by introducing the field dual to φ + by [26] [
The boson number is given by
The local operators corresponding to the spectrum of scaling dimensions (98) are
These operators carry charge 2m, reflecting the fact that our fundamental objects are pairs of bosons and have two-point functions of the form ‡
where a 0 is a short-distance cutoff determined by the gapped degrees of freedom we have integrated out in order to arrive at the action (22), (24) . We are now in a position to write down expressions for operators that do not involve the spin sector. These are the pairing field ∆ and the density, which are given by
As ∆ carries charge −2 we conclude that it takes the form
where A n are numerical coefficients. We will see below that A 2k+1 = 0. Similarly, as the density is neutral it is given by
Like for the pairing field, it turns out that by virtue of the statistics of the Bose field all odd coefficients vanish, i.e. B 2k+1 = 0. Let us now turn to the Bose field itself. At low energies the semiclassical analysis gives
Since the spin part of the bosonic operator is proportional to the slowly varying unit vector field m, we conclude that the triplet excitations of the nonlinear sigma model occur at small momenta q ≈ 0. To take into account the quantization of total charge we should complete Eq. (106) with a piece containing the field dual to φ + , which amounts to the substitution
We note that only even exponentials of the dual field are allowed by virtue of the bosonic statistics of the fields Ψ σ , which requires the Lorentz spin of the operators appearing in Eq. (107) to be integer. At T = 0 we then obtain
‡ We note that if φ + were a 2π-periodic field, the allowed scaling dimensions would be h 2π (m, n) =
and correspond to operators O m,2n . This is the case for Haldane's "bosonization of the boson" [26] .
The correlation function of the sigma model is well approximated by the expression [27] T
where Z is a normalization. We note that finite temperature correlation functions can be calculated by using the conformal mapping in the gapless sector and the method of Ref. [28] for the nonlinear sigma model. The expression for the Bose-fields feed back to the low-energy projections of the density and pairing field, which are bilinears in the Bose fields. Given that only even bosonic exponentials of the dual field appear in the expression for Ψ σ , the same must hold for : ρ : and ∆. This requirement sets the coefficients of O 2n,2k+1 in the expressions for : ρ : and ∆ to zero. The two-point functions of both these operators undergo a power law decay at large distances
: 
We see that the oscillating piece of the two-point function of the pairing field ∆ always decays more rapidly with distance than the oscillating piece of the charge density.
Optical Lattice
The model (2) arises as the low-density continuum limit of a three-component BoseHubbard system
where n j = σ a † j,σ a j,σ and S . It would be interesting to check whether the phase boundaries established in [4] coincide with the loci in parameter space where K c becomes 1/2.
Discussion.
In this work we have analyzed a continuum model of a spinor Bose gas in one spatial dimension. Using standard semiclassical methods we showed that for weak interactions the low energy degrees of freedom are described by a spin-charge separated theory of a free boson and the O(3) nonlinear sigma model. We then turned to the integrable line in the model. From the exact Bethe ansatz solution we obtained an independent derivation of the low-energy effective theory. An interesting by-product of our analysis is the demonstration that the integrable model provides a simple, integrable regularization of the O(3) nonlinear sigma model. Finally, we determined the long-distance asymptotics of certain correlation functions (including the "order-parameter" correlator) in the framework of the low-energy description. The dominant fluctuations in the theory are of superfluid singlet pair type. Our analysis for dynamical correlations pertains mostly to the weak-coupling regime. The opposite limit of (infinitely) strong repulsive density-density interaction should amenable to a treatment along the lines set out in [29] . Other interesting open questions are how the 1D spinor Bose gas behaves under a quantum quench [30] and what happens in the unbalanced case where the densities of the three species of bosons are fixed at different values. Finally, it would be interesting to generalize our analysis to spin S bosons [31] .
